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Micromagnetics
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The study, modeling and simulation
of magnetic materials and their behavior
at the nanometer scale.
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Brown’s equations I'

Energies:
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Constraints

M IS smooth

and
IM(2)]] = ||[M]| = M;

or equivalently

jm(#)|| = [jm|| = M/M; = 1.
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Magnetic disk storage
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Magnetic disk storage
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Quasi-static micromagneti!
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Magnetization dynamics l'

Landau-Lifshitz-Gilbert:

dM —W oW
— = M x Heg — M x (M x H,
dit 14az T T )M ( )
where
1 OF
Hop = ——
fo OM
w = gyromagnetic ratio

a = damping coefficient




Magnetization dynamics
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Magnetization dynamics

Time

350 ps

450 ps

/50 ps
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Magnetization yoyo I'
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Variational derivatives
Let (support AM) C B(x, €).

Then

OE E(M + AM) — E(M)

Al IR
M|, |AM],

asS
e — 0, ||AM]|s — 0.
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Variational derivatives

In particular, If

M(z) = Y Mgi(x),

then
OF OF 1

- Y

M|y, OMy e,
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Brown’s equations I'

Energies:
A
Eexchange — / M2 ( x‘Q + |VMy‘2 + ‘VMZP) d3T
V s
I 2 13
Eanisotropy — . M32 (M ) 11) d’r
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Edemag — ﬂ/1\/I [/V M -t d3fr’
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Discrete approximation l'

Eexchange — / A (‘V’TTL;,;’Q + ‘vmyP + !VmZIQ) d>r
V

= Qm(x), m(xz),...,m(x,)] + O(h")

where

h 1s cell size
k 1S approximation order

A



Discrete approximation l'

Eexchange — / A (’vm;c‘Q + ‘vmyP + \VmZ\Q) d°r
V

Numerical integration
Integrand representation
Boundary conditions
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Numerical integration

/abf% hzwkfk

Closed intervals, z. = a + kh,

O(h?) error: (wy,) = [5 11 1 1]
O(h*) error: (wy) = (1424 ... 24 1]
O(h*) error: (wy) = [2 2 211 12 I3
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Numerical integration

O(h?)error: (w) = [1 11 ... 1]
O(h*)error: (wy) = [ £ 2 11 ... 12 I 1]
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Integrand representation I'

Eexchange — / A (‘vme + ‘vmyP + ]VmZIQ) d°r
1%
’m O’m O’m
= — | Am- | | d’
/V o ((%2 0y? 822> g

VP =V (V)= [V

Since

and
|m|| = 1.
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Discretized energy l

0°m
—///Am-aa72 d>r
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3-pt stencil v

O’m(z) 1 ,
53 = 73 Mm@ —h) —2m(z) + m(z + h)] + O(1)
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3-pt stencil

1/hZ

1/hZ

1/h Center weight = -2(h*h+h;%)

“6-neighbor exchange”
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5-pt stencill v

- 1
;;gx) = 197 —m(x — 2h) + 16m(x — h) — 30m(z)
+ 16m(z + h) — m(x + 2h)] + O(hY)
1
1on2 X 1 16 -30 16 1




5-pt stencill

_V

“12-neighbor exchange”
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Trilinear interpolation l'

“26-neighbor exchange”
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Trilinear interpolation I'

011 111

001 <101
110

Given m,,,, m,,, ..., Solve for 000 100

m(x) = Ay T Q00T T Ag1oY T A1 R
+a,,0TY + a2 + ag Yz + a1 Yz,

Then use

Eexchange — / A (‘vme =+ ’vmy’2 + !VmZIQ) d°r
V
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Analytic 1D domain wall v

Relative error
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Exchange lengths

Magnetostatic-exchange length

Magnetocrystalline-exchange length
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Convergence of equilibriu

A=13x10" Jm
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\ortex mobility
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(Compare to Donahue & McMichael, Physica B, 233, 272 (1997).)




Discretized energy l

0°m
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Boundary?
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Variational calculus
| et

b
E[m]:/ f(x,m,m')dx
Then
’ d
E[m+h]—E[m]:/ (fm—ﬁfm)hdaz

+h(b) fr (b, m(b), m' (b)) — h(a) frr (a, m(a), m'(a))
+0 (W +1'7) .
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Euler-Lagrange egn v

If m IS extremal, then

frn — %fm, =0 (Euler-Lagrange)
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Boundary conditions

Since
hia) for(a,m(a),m (a)) =0,
if m(a) is free, then

for(a,m(a),m'(a)) = 0.
But
f(z,m,m') = Am'* + g(z, m)
and
for =2Am" = m/(a) =0.
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Boundary?
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Boundary conditions, 6-ng!

Neumann boundary:

0°m
Ox?

L1

M- — 1114

h2

Dirichlet boundary:

0°m

Ox?

L1

B 4m2 — 12m1

A

1 Om

3h?



6-ngbr, Neumann l'

— _1 1 -
{ I =2 1
I =2 1

+ boundary derivative field (if any).
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6-ngbr, Dirichlet

(diir) = 3 1

+ boundary value field.

A

4 4/3
1 -2

1
-2 1
I =2
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Discretized representation l'

0°m
—///Am-ax2 d>r

~ < Y T
~ _hxhyhzg wkwj E Aijkwidii/mijk-mi/jk

ik i




Discretized representation l'

0P

0mijk

where
Ciiljk — (Az'jkwf djir

or

7k

12/

ciiv = A (w; dyy + widy;) /2

If A IS constant.

A



6-ngbr, Dirichlet v

Clean up representation:
* Include w? terms
« Symmetrize
- Adjust diagonal so row sums =0
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6-ngbr, Dirichlet

- _7/6  7/6

7/6 —13/6
1

+ boundary value field.

A

1
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I =2
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12-ngbr, Neumann boundaz

0°m B —59m; + 64ms, — Smy
0x? |, 38h?
16 Om 11 Om
19h Oz |, 19h Ox

L1

Norm constraint = m; - 0m/dx|, = 0.

A

+ O(h?)



12-ngbr, Neumann bounda”

an B 335m1 — 669m2 + 357m3 — 23m4
0x? |, 26472
1 Om
| - O(h
11h Oz |, O’)
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12-ngbr, Neumann bounda”

162 176 —14

176 —32.1 154 —1.0

A 14 154 —294 163 -1

1217 ~1.0 163 -304 16 -1

~1 16 —30 16 —1




12-ngbr, Dirichlet bounday

0°m ~ —165m; + 40my — 3mg
0x? . N 30h?
64 1 Om
el i h3
+15hm(a) i h Oz |, + O

Norm constraint = m; - 0m/dx|, = 0.
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12-ngbr, Dirichlet bounday

0*m ~ 4my — 15my + 12m3 — 4my
Ox? . N 6h?

1 Om

- O(h?

h Ox x2+ (h7)

Norm constraint = my - 0m/dx|, = 0.

A



12-ngbr, Dirichlet bounday

110 122 —1.2
122 —29.6 188 —1.4
A ~1.2 188 -330 163 -1
1217 ~14 163 —=30.0 16 -1
1 16 —30 16 —1




Eigenvalue analysis v

For 6-ngbr methods:
Eigenvalues of —C' C [0,4)

For 12-ngbr methods:
Eigenvalues of —C C [0,5

)

|+

= (Good Iterative convergence!
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12-ngbr exchange v

Assume 0m /On = 0:

x| —1 16 —-30 16 —1
—1 16 =30 16 -1

12h?

= Bad eigenvalues!
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Magnetization spiral
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MuMAG Standard Problem’'3

Equilibria convergence:
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MuMAG Standard Problem’'3

Subsample convergence:

Relative energy error

0.125 0.25 0.5 1 2 4
Cell size/lexchange length




Wall types v

Bloch wall

tfteesd

V-M=0 = Hyua =0

Néel wall

N

VM#O — Hdemag#o
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Neel-wall collapse
6-pt exchange, pgH =5 mT, h = 20 nm
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Magnetization spiral

m = (coswz, sin wx)

Exchange torque (a.u.)
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Neel-wall non-collapse
12-pt exchange, poH = 6 mT, h = 20 nm
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Conclusions

6-ngbr and 26-ngbr are 2nd order.
12-ngbr is 4th order.

Proper boundary conditions must be applied.
Eigenvalues determine iterative behavior.

26-ngbr has less pinning for large cells,
12-ngbr dominates for i < [.

12-ngbr helps against Néel wall collapse.

A
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